Various R packages have been developed for the non-convex penalized estimation but they can only be applied to the smoothly clipped absolute deviation (SCAD) or minimax concave penalty (MCP). We develop an R package, entitled ncpen, for the non-convex penalized estimation in order to make data analysts to experience other non-convex penalties. The package ncpen implements a unified algorithm based on the convex concave procedure and modified local quadratic approximation algorithm, which can be applied to a broader range of non-convex penalties, including the SCAD and MCP as special examples. Many user-friendly functionalities such as generalized information criteria, cross-validation and ℓ 2 -stabilization are provided also.
Introduction
The penalized estimation has been one of the most important statistical techniques for high dimensional data analysis, and many penalties have been developed such as the least absolute shrinkage and selection operator (LASSO) (Tibshirani, 1996) , smoothly clipped absolute deviation (SCAD) (Fan and Li, 2001) , and minimax concave penalty (MCP) (Zhang, 2010) .
In the context of R, many authors released fast and stable R packages for obtaining the whole solution path of the penalized estimator for the generalized linear model (GLM). For example, lars (Efron et al., 2004) , glmpath (Park and Hastie, 2007) and glmnet (Friedman et al., 2007) implement the LASSO. Packages such as plus (Zhang, 2010) , sparsenet (Mazumder et al., 2011) , cvplogit (Jiang and Huang, 2014) and ncvreg (Breheny and Huang, 2011) implement the SCAD and MCP. Among them, glmnet and ncvreg are very fast, stable, and well-organized, presenting various user-friendly functionalities such as the cross-validation and ℓ 2 -stabilization (Zou and Hastie, 2005a; Huang et al., 2013) .
The non-convex penalized estimation has been studied by many researchers (Fan and Li, 2001; Kim et al., 2008; Huang et al., 2008; Zou and Li, 2008; Zhang and Zhang, 2012; Kwon and Kim, 2012; Friedman, 2012) . However, there is still a lack in research on the algorithms that exactly implement the non-convex penalized estimators for the non-convexity of the objective function. One nice approach is using the coordinate descent (CD) algorithm (Tseng, 2001; Breheny and Huang, 2011) . The CD algorithm fits quite well for some quadratic non-convex penalties such as the SCAD and MC (Mazumder et al., 2011; Breheny and Huang, 2011; Jiang and Huang, 2014) since each coordinate update in the CD algorithm becomes an easy convex optimization problem with a closed form solution. This is the main reason for the preference of the CD algorithm implemented in many R packages such as sparsenet and ncvreg. However, coordinate updates in the CD algorithm require extra univariate optimizations for other non-convex penalties such as the log and bridge penalties (Zou and Li, 2008; Huang et al., 2008; Friedman, 2012) , which severely lowers the convergence speed. Another subtle point is that the CD algorithm requires standardization of the input variables and need to enlarge the concave scale parameter in the penalty (Breheny and Huang, 2011) to obtain the local convergence, which may cause to lose an advantage of non-convex penalized estimation and give much different variable selection performance (Lee, 2015) .
In this paper, we develop an R package ncpen for the non-convex penalized estimation based on the convex-concave procedure (CCCP) or difference-convex (DC) algorithm (Kim et al., 2008; Shen et al., 2012) and the modified local quadratic approximation algorithm (MLQA) . The main contribution of the package ncpen is that it encompasses most of existing non-convex penalties, including the truncated ℓ 1 (Shen et al., 2013) , log (Zou and Li, 2008; Friedman, 2012) , bridge (Huang et al., 2008) , moderately clipped LASSO (Kwon et al., 2015) , sparse ridge (Huang et al., 2013; Kwon et al., 2013) penalties as well as the SCAD and MCP and covers a broader range of regression models: multinomial and Cox models as well as the GLM. Further, ncpen provides two unique options: the investigation of initial dependent solution paths and non-standardization of input variables, which allow the users more flexibility.
The rest of the paper is organized as follows. Section 2 describes the algorithm implemented in ncpen with major steps and details. Section 3 and 4 introduces various options in ncepn with numerical illustrations. The paper concludes with remarks.
An algorithm for the non-convex penalized estimation
We consider the problem of minimizing
where β = (β 1 , . . . , β p ) T is a p-dimensional parameter vector of interest, L is a convex loss function and J λ is a non-convex penalty with tuning parameter λ > 0. We first introduce the CCCP-MLQA algorithm for minimizing Q λ when λ is fixed, and then explain how to construct the whole solution path over a decreasing sequence of λs by using the algorithm.
A class of non-convex penalties
We consider a class of non-convex penalties that satisfy J λ (|t|) = |t| 0 ∇J λ (s)ds, t ∈ R for some non-decreasing function ∇J λ and
is concave function, where κ λ = lim t→0+ ∇J λ (t). The class includes most of existing non-convex penalties: SCAD (Fan and Li, 2001) ,
for τ > 2, MCP (Zhang, 2010) ,
for τ > 1, truncated ℓ 1 -penalty (Shen et al., 2013) ,
for τ > 0, moderately clipped LASSO (Kwon et al., 2015) ,
for τ > 1 and 0 ≤ γ ≤ λ, sparse ridge (Kwon et al., 2013) ,
for τ > 1 and γ ≥ 0, modified log (Zou and Hastie, 2005b) .
for τ > 0, and modified bridge (Huang et al., 2008 )
The moderately clipped LASSO and sparse ridge are simple smooth interpolations between the MCP (near the origin) and the LASSO and ridge, respectively. The log and bridge penalties are modified to be linear over t ∈ (0, τ ] so that they have finite right derivative at the origin. See the plot for graphical comparison of the penalties introduced here. 
CCCP-MLQA algorithm
The CCCP-MLQA algorithm iteratively conducts two main steps: CCCP (Yuille and Rangarajan, 2003) and MLQA steps. The CCCP step decomposes the penalty J λ as in (2) and then minimizes the tight convex upper bound obtained from a linear approximation of D λ . The MLQA step first minimizes a quadratic approximation of the loss L and then modifies the solution to keep descent property.
Concave-convex procedure
The objective function Q λ in (1) can be rewritten by using the decomposition in (2) as
, functions. Hence the tight convex upper bound of Q λ (β) (Yuille and Rangarajan, 2003) becomes
Algorithm 1 summarizes the CCCP step for minimizing Q λ .
Algorithm 1: minimizing Q λ (β) 1. Setβ. 2. Updateβ byβ = arg min β U λ (β;β). 3. Repeat the Step 2 until convergence.
Modified Local quadratic approximation
Algorithm 1 includes minimizing U λ (β;β) in (4) by using a given solutionβ. An easy way is iteratively minimizing local quadratic approximation (LQA) of L aroundβ:
where
It is easy to minimizeŨ λ (β;β) since it is simply a quadratic function and the penalty term is the LASSO. For the algorithm, we use the coordinate descent algorithm introduced by Friedman et al. (2007) . Note that the LQA algorithm may not have a descent property. Hence, we incorporate the modification step to ensure the convergence of the LQA algorithm .
4. Updateβ byĥβ a + (1 −ĥ)β.
Repeat the
Step 2-4 until convergence.
Efficient path construction over λ
Usually, the computation time of the algorithm rapidly increases as the number of non-zero parameters increases or λ decreases toward zero. To accelerate the algorithm, we incorporate the active-set-control procedure while constructing the solution path over a decreasing sequence of λ.
Assume that λ is given and we have an initial solutionβ which is expected to be very close to the minimizer of Q λ (β). First we check the first order KKT optimality conditions:
where A = {j :β j = 0} and N = {j :β j = 0}. We stop the algorithm if the conditions are satisfied else update N andβ by N = N \ {j max } and
respectively, where j max = arg max j∈N |∂Q λ (β)/∂β j |. We keep these iterations until the KKT conditions in (6) are satisfied withβ. The key step is (7) which is easy and fast to obtain by using Algorithm 1 and 2 since the objective function only includes the parameters in A ∪ {j max }.
6. Repeat the Step 2-5 until the KKT conditions satisfy.
Remark 1
The number of the variables that violate the KKT conditions could be large for some high-dimensional cases. In this case, it may be inefficient to add only one variable j max into A. It would be more efficient to add more variables into A. However, when the number variables added is too large, it also is inefficient. With many experiences, we found that the algorithm would be efficient with 10 variables.
In practice, we want to approximate the whole solution path or surface of the minimizer β λ as a function of λ. For the purpose, we first construct a decreasing sequence λ max = λ 0 > λ 1 > · · · > λ n−1 > λ n = λ min and then obtain the corresponding sequence of minimizerŝ β λ 0 , . . . ,β λn . In general, we start from the largest value λ = λ max = max j |∂∇L(0)/∂β j | since the p-dimensional zero vector is the exact minimizer of Q λ (β) when λ ≥ λ max . Then we continue down to λ = λ min = ǫλ max , where ǫ is a predetermined ratio such as ǫ = 0.01. Once we obtain the minimizerβ λ k−1 then it is easy to findβ λ k by usingβ λ k−1 as an initial solution in Algorithm 3, which is expected to be close toβ λ k for a finely divided λ sequence. This scheme is called the warm start strategy, which makes the algorithm more stable and efficient (Friedman et al., 2010) .
3 The R package ncpen
In this section, we introduce various options and user-friendly functions implemented in the package ncpen for the users. Next section will illustrate how these options make a difference in data analysis through numerical examples.
ℓ 2 -regularization
The option alpha in the main functions forces the algorithm to solve the following penalized problem with the ℓ 2 -regularization or ridge effect (Zou and Hastie, 2005b) .
where α ∈ [0, 1] is the value from the option alpha, which is the mixing parameter between the penalties J λ and ridge. The objective function in (8) includes the elastic net (Zou and Hastie, 2005b) when J λ (t) = λt and Mnet (Huang et al., 2016) when J λ (·) is the MC penalty. By controlling the option alpha, we can treat the problem with highly correlated variables, and it also makes the algorithm more stable.
Observation and penalty weights
We can give different weights for each observation and penalty by the options obs.weight and pen.weight, which provides the minimizer of
where d i is the weight for the ith observation and w j is the penalty weight for the jth variable. For example, controlling observation weights is required for the linear regression model with heteroscedastic error variance. Further, we can compute adaptive versions of penalized estimators by giving different penalty weights as in the adaptive LASSO (Zou, 2006) .
Standardization
It is common practice to standardize variables prior to fitting the penalized models, but one may opt not to. Hence, we provide the option x.standardize for flexible analysis. The option x.standardize=TRUE means that the algorithm solves the original penalized problem in (1), with the standardized (scaled) variables, and then the resulting solutionβ j is converted to the original scale byβ j /s j , where s j = n i=1 x 2 ij /n. When the penalty J λ is the LASSO penalty, this procedure is equivalent to solving following penalized problem
where λ j = λs j , which is another adaptive version of the LASSO being different from the adaptive LASSO (Zou, 2006) .
Initial value
We introduced the warm start strategy for speed up the algorithm, but the solution path, in fact, depends on the initial solution of the CCCP algorithm because of the non-convexity. The option local=TRUE in ncpen provides the same initial value specified by the option local.initial into each CCCP iterations for whole λ values. The use of the option local=TRUE makes the algorithm slower but the performance of the resulting estimator would be often improved as provided a good initial such as the maximum likelihood estimator or LASSO.
Tuning parameter selection in ncpen
The package ncpen includes several user-friendly functions such as cv.ncpen that conducts the cross-validation to select an optimal tuning parameter λ. In addition, the function gic.ncpen calculates theoretically optimal λ based on the generalized information criterion (Wang et al., 2007 (Wang et al., , 2009 Fan and Tang, 2013; Wang et al., 2013) .
Numerical illustrations 4.1 Elapsed times
We consider the linear and logistic regression models to calculate the total elapsed time for constructing the solution path over 100 λ values:
where x ∼ N p (0, Σ) with Σ jk = 0.5 |j−k| , β j = 1/j for j, k = 1, · · · , p and ε ∼ N (0, 1). The averaged elapsed times of ncpen in 100 random repetitions are summarized in Table 1 and 2 for various n and p, where the penalties are the SCAD, MCP, truncated ℓ 1 (TLP), moderately clipped LASSO (CLASSO), sparse ridge (SR), modified bridge (MBR) and log (MLOG). For comparison, we try ncvreg for the SCAD also. The results show that all methods in ncpen are feasible for high-dimensional data.
Standardization effect
We compare the solution paths based on the diabetes samples available from lars package (Efron et al., 2004) , where the sample size n = 442 and the number of covariates p = 64, including quadratic and interaction terms. Figure 2 shows four plots where the top two panels draw the solution paths from the LASSO and SCAD with τ = 3.7 given by ncvreg and bottom two panels draw those from the SCAD with τ = 3.7 based on ncpen with and without standardization of covariates. Two solution paths from ncvreg and ncpen with standardization are almost the same since ncvreg standardizes the covariates by default, which is somewhat different from Table 2 : Elapsed times for constructing the entire solution path where n = 500 and various p that of ncpen without standardization. Figure 3 shows the solution paths from six penalties with standardization by default in ncpen: the MCP, truncated ℓ 1 , modified log, bridge, moderately clipped LASSO and sparse ridge.
ℓ 2 -regularization effect
There are cases when we need to introduce the ridge penalty for some reasons, and ncpen provides a hybrid version of the penalties: αJ λ (|t|)+ (1− α)|t| 2 , where α is the mixing parameter between the penalty J λ and ridge effects. For example, the non-convex penalties often produce parameters that diverge to infinity for the logistic regression because of perfect fitting. Figure 4 shows the effects of ridge penalty where the leukemia samples in plsgenomics are used for illustration. The solution paths using the top 50 variables with high variances are drawn when α ∈ {1, 0.7, 0.3, 0} for the SCAD and modified bridge penalties. The solution paths without ridge effect (α = 1) tend to diverge as λ decreases and become stabilized as the ridge effect increases (α ↓ ).
Initial based solution path
We introduced the warm start strategy for speed up the algorithm but the solution path, in fact, depends on the initial solution because of the non-convexity. For comparison, we use the leukemia samples and the results are displayed in Figure 5 and Table 3 . In the figure, left panels show the solution paths for the SCAD, MCP and clipped LASSO obtained by the warm start, and the right panels show those obtained by using the LASSO as a global initial for the CCCP algorithm. Figure 5 shows two strategies for initial provide very different solution paths, which may result in different performances of the estimators. We compare the prediction accuracy and selectivity of the estimators by two strategies. The results are obtained by 300 random partitions of data set divided into two parts, training (90%) and test (10%) datasets. For each training data, the optimal tuning parameter values are selected by 10-fold cross-validation, and then we compute the prediction error on each test datasets and the number of selected nonzero variables. Table 3 shows all methods by the global initial perform better than those by the warm start strategy. In summary, the nonconvex penalized estimation depends on the initial solution, and the non-convex penalized estimator by a good initial would improve its performance. 
Concluding remarks
We have developed the R package ncpen for estimating generalized linear models with various concave penalties. The unified algorithm implemented in ncpen is flexible and efficient. The package also provides various user-friendly functions and user-specific options for different penalized estimators. The package is currently available with a general public license (GPL) from the Comprehensive R Archive Network at https://CRAN.R-project.org/package=ncpen. Our ncpen package implements internal optimization algorithms in C++ benefiting from Rcpp package (Eddelbuettel et al., 2011) . 
